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An algorithm is developed which computes strict approximations in subspaces of
spline functions of degree m — 1 with k fixed knots. The strict approximation is a
unique best Chebyshev approximation for a problem defined on a finite set which
can be considered as the “best” of the best approximations. Moreover, a sequence
of strict approximations defined on certain subsets of an interval I converges to a
best approximation on [ if k < m and at least to a nearly best approximation on / if
k>m.

INTRODUCTION

We consider the problem of approximating a given function f in C(I) by
subspaces of spline functions of degree m — 1 with k fixed knots, with respect
to the supremum norm. Schumaker 6] has observed that the idea of the
classical Remez algorithm can also be used for spline subspaces. Recently,
Niirnberger and Sommer [3] developed a Remez type algorithm for
computing best spline approximations.

In this paper we determine strict approximations. Rice [4]| defines the
strict approximation as a particular unique best Chebyshev approximation
for problems defined on a finite set. It can be considered as the “best’” of the
best Chebyshev approximations.

In order to compute best approximations on an interval 7 it is often useful
to replace the interval by finite sets. Then the continuous problem is replaced
by discrete problems. It seems to be natural to determine strict approx-
imations on the finite subsets. The chief purpose of this paper is to develop
an algorithm which computes the strict approximation in subspaces of spline
functions. For this purpose a characterization of strict approximations which
is established in [9] will be very important.

Then we define a Remez type algorithm. A sequence of strict approx-
imations defined on certain finite subsets converges to a best approximation
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on / if k< m and at least to a nearly best approximation which for most
practical cases is a best approximation of f if k > m. In Section 1 we present
some results concerning the characterization of strict approximations. In
Section 2 we develop the algorithm which determines strict approximations.
We shall show that it is possible to divide the approximation problem into
subproblems where exchange rules can be applied as in the classical Remez
algorithm for Haar subspaces. In Section 3 we state some results concerning
the convergence of sequences of strici approximations. Finally, we shall give
some numerical examples in Section 4.

1. PRELIMINARIES
Let T be a compact subset of R and C(T) be the normed linear space of

all continuous real-valued functions defined on 7. Let the space C(T) be
normed by

1l = max FACIE

Suppose that G is an n-dimensional subspace of C(T). Then we denote the
set of best approximations to a function fin C(T) out of G by

Po(f):=1{8 € G:|lf— gl =inf{lif—gl g€ G}

We shall also consider approximation problems on a subset U of T. A
function g, in G is called a best approximation to fon U if

max | f(x) — g,(x)| = inf {max|f(x)— g}

We use the following notations: We denote by E(f) the set of extremal
points of the function fon T

E(f)={xeT:|fx)=I/1}
A function f is said to alternate on the points ¢, < --- <t, in T if f(s;)-
S, ) <0, i=1,.,h and we call points ¢, < --- <1, in T alternating

extremal points of £if u(—1)' f(t)=|fIl, i= 1., b, u € {—1, 1}.
A subset R = {u,}"* of T is called a reference if

A (ul""s Uyi )
&1ss 8n
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has rank n, where G =span{g,,..., g,} and

4 ( Ly by ) _ (gl(:tl) gn(:tl))
B &nl N gien) -+ galth)

ast; <--<t,<b. Let g, be a best approximation to f on the reference R
then y = l|(f — go)lx|l is called the reference deviation.

A subspace G satisfies the Haar condition if g € G, g(x) =0 at n distinct
points of T implies g=0. In this case the best approximation is always
unique.

We shall consider approximation problems for subspaces of polynomial
spline functions. These subspaces do not satisfy the Haar condition.
Therefore the best approximations are not uniquely determined and it is
natural to consider conditions which single out one of the best approx-
imations.

Rice [5] defines a unique “strict approximation” for functions defined on
a finite set. Strauss [9] has established a characterization theorem for the
strict approximation to a function f out of a subspace of polynomial spline
functions. This theorem will be very useful for developing an algorithm
which determines the strict approximation. We shall establish such an
algorithm.

First we need the following notations:- Let 4 denote the partition
a=xy<x < <X <Xy, =Db on the interval [a, b]. The subspace S, (4)
of polynomial spline functions of degree m — 1 (m > 2) with simple fixed
knots at 4 is defined by

Sad)={s € C" *a,b] : 8|, x,, 1 € Tm_1si=0sus k}

where m,,_, denotes all polynomials of degree <m — 1. We shall denote by
1,, a subinterval with boundary points x, and x,, where x, and x, are points
of 4.

Now we define the following subspaces: Let I be an interval satisfying
(xg, X4y )= I < [xg, X, ,] and let T be a compact subset of I. Then

S, ()= 1{sE€S,4):
if I = (xy, X, ] then s({’—(xo) =0,i=0,.,m—2,
if I =|xy, x4, ) thensP(x,, ) =0,i=0,..,m—2,
if I = (xg, X, ) then sV (xy) = s (x,, ) =0,i = 0,..., m — 2},
S, (I,T)={s|y:5 € S,U)).

Notice that the functions of S,,(J) satisfy boundary conditions if the interval
[ is not closed.
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A local basis of §,,(/) will be very useful. Let the partition
A= {Xgss X} be given. A partmon A= (X _iives Xk} satisfying
X oy <o xp < oee KXy < e <Xy, 18 called an extended partition
associated with A. Suppose that M,., i=—m~+ 1.,k is the mth order B-
spline associated with the knots x;,..., x;, ,, (see [8, p. 18}). We also denote

M|, by M;, where J is a subset of |x_,_,.x, |

Then §,(/) = span{M_, ... M} if [ = I’%» Xpoqls S =
span{Mg,.... M} if I=(x,.x,.,] and S,(I)=spani{M,... M, | if
I'=(Xg, Xp40) -

_Let the partition 4={x_,, ,...x,}, #n2=1, be given and let
[=(x_,..x,) Suppose that U = {u;}", is a subset of J. Then the matrix
A ( Uy - Uy )

M~m+l "'Mn—m

has rank # if and only if
X i < U <Xy i=l...n (L.1)

Hence the subspace Sm(f, T, Tc I, has dimension n, iff there exists a subset
U c T satisfying (1.1).

Now we shall consider characterization theorems for best approximations
to f (see [9]).

THEOREM 1.1. Let the partition A = {x;\7__, . n> 1, be given and let
I'=(x_p.1.%,). Suppose that T is a compact subset of I such that
dim S, (, Ty =n.

(a) Then s, in Sm(f) is a best approximation to a function f'in C(T) on
T if and only if there exists a subinterval J, and a subset R = |u,}!" ) <

T N Jy such that (f— s,)|; has alternating extremal points on R where R and
Jr satisfy

(x—m+1’xn) p:l. q=n
JR: [xp—lvxn) Ur p>L g=n
(x——m+l’x7m+q+ll p=1,g<n
lxp—l’x——m+q+1| p>17 q<n* qn‘p}m*l
Ui E (X isXis1)s i=p+ e q. (1.2)

(b) The best approximations are uniquely determined on J,.

Remark. The subspace S,,(/) is spanned by B-splines. But it is possible
to derive characterization theorems for all kinds of boundary conditions
from Theorem 1.1 (for details, see [9]). For example, if we set n=m + &
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and T'= [x,, x,, ;| we obtain the problem which was considered by Rice [5]
and Schumaker [6] that is an approximation problem defined on x4, X, ,]-

The best approximations in Theorem 1.1 are not unique in general.
Therefore Rice considered the so-called strict approximations which are
particular unique best Chebyshev approximations for problems defined on
finite sets. For a definition of these approximations (see |5, p. 239]). In this
paper we shall only state a characterization of strict approximations for the
problem in consideration.

The following definition will be very important: Let / be an element of
C(T), where T is a finite subset of R and let G be an n-dimensional subspace
of C(T). Suppose that g, is a best approximation from G to fon 7. A subset
S of the extremal points of f— g, is said to be a critical point set if g, is a
best approximation to f on S but is not a best approximation to f on any
proper subset of S. A critical point set contains at most n + 1 points.

Now we shall consider the approximation problem concerning spline
functions. A characterization of crtitical point sets is given in [9].

THEOREM 1.2. Let the assumptions of Theorem 1.1 be given and let s,
be a best approximation from S,(I,T) to a function f in C(T). Then the
Jfollowing conditions are equivalent:

(a) The subset R — T is a critical point set.

(b) The subset R < T is associated with a subinterval Jy satisfying the
properties (1.2} and f— s, has alternating extremal points on R.

Moreover, the subspace S,,(I, R) satisfies the Haar condition if R < T'is a
critical point set and there exists a reference R, relative to S,,(/) satisfying
RcR,.

The subsets R characterizing best approximations are critical point sets.
We shall use the following notations.

Suppose R is a critical point set. Then there exists a subinterval J, which
is associated with R. We call this subinterval J, associated with the critical
point set R. Let s, be a best approximation to f on a reference U < T then
there exists a unique critical point set R (see [9]). We call the subinterval J,
to be associated with the reference.

Now we are able to state the characterization theorem for strict approx-
imations (see [9]).

THEOREM 1.3. Let the partition A = {x;}**) be given, let I =[xy, X, ]
and S, (I,T), where T is a finite subset such that dim(S,(I,T))=m + k.
Suppose that f is an element of C(T) and s, of S, (I, T). Then the following
properties are equivalent:

(a) The function s, is the strict approximation to f out of S, (I, T).
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(b) There exists a partition of the interval x,=x, <x, <- <x, <
X,, = Xes, such that the subintervals I;=1, satisfy the following
conditions.

(i) I=Ur1, 1,01, =@ foralli=1,.,h
(ii) O is the unique best approximation from S, (1;) to (f —s,) on
T;, where T,=TNI, for all i =1,..., h + 1 and there exists a critical point

set R, associated with 1, relative to S,,(1;).

(i) Let y;:=max, ., [(f—so)(x). Then for all i=1..h the
following conditions will hold: If x, €1, then y;>y;,, and if x. &I, then
Vi < Vit

1

For a discussion of this theorem see [9].

Remark. The approximation problem is divided into subproblems and
the best approximations of these problems are always unique. Moreover, the
subspaces S, (/;, R;) satisfy the Haar condition. This property will be very
important for our later investigations.

The strict approximation can be constructed by the following inductive
definition (see {9]):

DEFINITION 1.4, Let 4= {x;}5*} and = |x,,x,,,| be given. Suppose
that 7 is a finite subset of [ such that dim S,(/,T)=m+ k. Set
Gy=S,(I, T)=span{M ., .. M,}, [,=@ and let Z, be the set of
integers {—m + 1,....k}. Then we define for j > 1 the following sequence of
functions s;: Let G, be the set of best approximations to the function

S (s, + -t s, e fifj=1)yon TN

out of span {{M};c,, } and let 5, be a function in G,.
Suppose that /; is a subinterval of I\I;_, which is associated with a critical
point set of /'~ (s, + --- +5;). Then we define /;,=/;, ,U[; and

Zj:{iEZ_F,:{x:Mi(x)¢0}mfi:®}_

This construction is continued until Z, = @ for some ¢. We denote by s(/f")
the function s, + --+ +s,.

COROLLARY 1.5. [t can be shown that s(f) is the strict approximation
and that {I,} is a partition of I satisfying the properties of Theorem 1.4.

It is obvious that the subintervals I, of Corollary 1.5 are not in natural
order, in general.



ALGORITHM FOR STRICT APPROXIMATIONS 335
2. THE ALGORITHM

In this section we want to develop an algorithm which determines the
strict approximation of our problem. The characterization theorem for strict
approximations will be very important for this purpose.

The subspaces of polynomial spline functions with fixed knots do not
satisfy the Haar condition. But we can show that it is possible to divide this
problem into subproblems which satisfy the Haar condition on certain
subsets. First we shall consider these subproblems.

PROBLEM . Let the partition 4 = {x;}¥7} be given, let I be an interval
such that (xg,x,,,) ©1< [x,, X, |- Suppose that T is a finite subset of I
satisfying dim(S,,(/, T)) =dim(S,,(/)) =#. Then we determine the best
approximations to a function fin C(T) out of G =S,(I, 7).

First we state the following theorem which is similar to the case where the
Haar condition is satisfied.

THEOREM 2.1. Let Problem 1 be given. Suppose that the subset R,=
{u;}77\ is a reference in T. Let s, denote a best approximation from S, (I, T)
10 f on Ry with reference deviation y, and let J, be the unique subinterval
associated with R,.

If there exists a point t € TMJ,, such that |(f—so)(t)| >y, then it is
possible to exchange a point [ of RyNJy to form a new reference
R, = {R\{f}} U {t} satisfying y, > y,, where y, is the reference deviation on
R\ . If Jy, is the subinterval associated with R, then J, < Jy .

_ Proof. First we shall consider the approximation problem defined on
Ry=RyNJg,= {ui}?ipl_'
The subspace S,,(I, R,) satisfies the Haar condition, i.e., the matrix

A=A ( Upoeoos Uy )
M, M .,

satisfies the Haar condition. Hence there exists a unique vector AE R, _,,,
(up to a scalar) satisfying

ATA =0, A, #0, i=1l,,g—p+2

In order to show the assertions of the theorem we can use the proof in |11,
p. 38].

Following the lines of this proof it can be shown that there exists a point
f€ R, such that R, = {R,\{f}} U {t} is a reference relative to S (I, TNJg,)
and the reference deviation y, on R, satisfies y, > y,.
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The subspace S,,(I. R,) does not satisfy the Haar condition in general.
Therefore the subinterval J; associated with the reference R, relative to
S(I. TMJy,) may be a proper subset of J; = Jg, .

It can be easily seen that R, =R, U {R;MN {I\JR“H is a reference relative
to S,(I,T), Jp, = Jg, is the subinterval associated with this reference and 7,
is the reference deviation.

This completes the proof of the theorem.

COROLLARY 2.2. Let the assumptions of Theorem 2.1 be given. Then the
exchange of the point is uniquely determined by the following rules:
Let o, =sign((f/— s,)(u;)) and ¢ = sign({f— s,)(1)).

(a) Let (€ _(u_,-.uj*,). where u, <u; <u;,  <u
0,6 > 0 elsewhere i = u

g1+ Then f=u, if
jet
(b) Lett<u,then f=u,if 0,6 >0 elsewhere f=u,, .

(c) Lett>u, theni=u,,  ifo, d>0 elsewhere i=u,.

R

Proof. Since the matrix

satisfies the Haar condition we can apply the well-known exchange rules to
this case.

THEOREM 2.3. Let Problem 1 be given. Suppose that R is a reference in
T and Jy is the subinterval associated with R.
Then a repeated application of the exchange rules of Theorem 2.1 yields a

reference R associated with a subinterval Jgz such that the following
conditions hold:

(a) JgcJg.

(b) If s is a best approximation to fon R then § is also a best approx-
imation on TN Jg and Jg is associated with the critical point set R NJg of
S —§ relative to S,,(Jg).

Proof. We apply Theorem 2.1 to the reference R,=R and obtain a
sequence of references R ..... R, where the subintervals J, associated with R,
satisfy Jp ©Jg - 2J, . Let s; be a best approximation on R, with
reference deviation y,. The process stops after a finite number of steps since
T is a finite set and y; <y, .

_ Hence there exists an integer ¢ such that [|(/~s,), A, |l =7, and we have
R=R,.
Using this theorem we are able to determine a function § in §,,(/, T) and a
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subinterval Jz such that § is a best approximation to f on Jg. But § is not a
best approximation on [ in general.

Now we want to define functions by an inductive definition which is
similar to Definition 1.4.

DEFINITION 2.4. Let Problem I be given where I=[x,,x, ] Let
I,=@ and let Z, be the set of integers {—m + l,..., k}. Then we define for
J=21 the following sequence of functions s, in G;_, =span{{M};c; |
There exists a subinterval 7 }-cl\fj#I such that s; is a best approximation
from G, | tof—(s, +--- +5; ) (e, fif j=1) on the subset TM/; and I;
is associated with a critical point set R; of (f— (s, + -+ + ;)| ~, relative to
Gj_y-Lety; = [(f = (s, + > + )|, . Then we define f, = 1~, ,\J1; and

Z;={i€Z:{x:Mx)#0 NI =@}

The construction is continued until Z, =@ for some . Then we denote by
h(f) the function s, + --- +5, and the set {(/,,R;,y,)}i_, corresponds to
h(f)-

Remark. It follows from Theorem 2.3 that there exists functions s,
satisfying the properties of Definition 2.4.

Discussion.  In Definition 1.4 the function s; is a best approximation to
S—=(sy+--+5s;_,) on the whole interval 1\1:-_1 while in Definition 2.4 the
function s; is only a best approximation on a subinterval of I\Tj_l.

Hence the function A(f) may not be a best approximation to f. But we
have obtained a partition of I corresponding to A(f). Now we shall use this
partition in order to determine by an algorithm a partition of / which
coresponds to the strict approximation. This partition must have the
following properties.

THEOREM 2.5. Let h(f) and {(I;,R;,y)}i_, be as in Definition 2.4.
Suppose that the following properties are satisfied: For all subintervals I,
I, {\LYi_, satisfying 1,=1, ,.1,=1, , we have y,>7v, if x, €1, and

Ve SV if xq, €1, Then h(f) is the strict approximation.

Proof. Let I, ...,1, be the natural ordering of the subintervals {;} then
{(Z,,, R,,7,)}i=, is a partition satisfying the conditions of Theorem 1.3.
Hence A(f) is the strict approximation.

Now we want to determine a partition and a function satisfying the

properties of this definition. The following exchange theorem will be very
important.

THEOREM 2.6. Ler h(f) and {(I;, R;, y,)}i_, be as in Definition 2.4.
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Suppose that I, and 1, are two subintervals of {I,};_,, where I, = |x, , x, |
and I,=(x,,x,,|. Let y, <y, Then there exists a subinterval I,=
(x,,x, ) c{l, UL} and a subset R,c{R,UR,} such that R, is a
reference relative to S,,(I,) and the reference deviation y, to the function
S—h{(f) on R, satisfies y, < y,.

A similar result is true if 1, and I, are half-open and open subintervals.
respectively.

Proof. Set I,=1,=I|x,,x,|. LL=1.=(x,.x,|. »y=7,. r=7, and
h=h(f).
It follows from Theorem I.1 that the critical point sets R, =R, =

m+q _ g (Mt . sy
fug i, and Ry, = R, = (v, 4771, satisfies the conditions

U E(X_pyin Xt s i=p, +2,..m+gq,— 1.
) = — (2.1}
CE(X Xk =M G L gy ]

and (f'— &)|,, has alternating extremal points on R, for /=1, 2. We define a
subset Y, = {y,}7}%2 , < {R, U R,} in the following way

{u;, it ¢>0,

),’A =
Ty, o elsewhere

for all i=p, + l,..,m +q, — 1, where ¢ = (f — h)(u,,, , )/ — h)(v, ,,,) and
Vi=Uhi=m+ g ,..,m+q,.
It follows immediately that

(=)= My, ) <O, i=p,+ leam+g,— L (2.2}
We have to distinguish the following cases:

(1) LC[ xm+q[ 1 <l'maq|

o7, e, py=m+q, — L
(i) Letwv,,, <X, _,andc>0. Then it follows from (2.1) that

then [,=|x X

R

and R, =

ol

Vi€ X myisXisih i=p, +2,.m+q,— 1 (2.3)

and we set I, =[x, ,x, | and R, =Y, e, p,=p,.
(i) Let vp,q, < Xpyq,_1 and ¢ <0. Then

yiE(X,,,,“,xék,), i:m+QI»""m+Q2-l'
Vi€ Xt X)s i=pi+h..m+qg —1
Let p, be an integer in p, < p, < g, such that

Vpre1 2 Xp,s Vi <Xioys i=py+2e.,m+q,— 1L
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Then we have
Vi€ X _pmyinXi1)s i=py+2u.,m+qg,—1. (2.4)

Set Iy = [x,,, x,,], Ry = { ¥}/ -

It follows from (i), (i) and (iii) that R, is a reference relative to S,,(/,).
Let y, be the reference deviation to f'— h on R,.

The proof will be accomplished by showing that y, < y,. This is obvious
for case (i) since y,=y,=7y,>y,=7,. Therefore we only must consider
cases (ii) and (iii).

We conclude from (2.2) that f— h alternates on R,. It follows from (2.3)
and (2.4) that R, is a subset which is associated with I relative to §,,(,). If
s, is a best approximation from S,(I,) to f—h on R, then (f—h)—s,
alternates on R, and 7, is the reference deviation.

Assume that y, < y,. Then s, alternates on R,. This is a contradiction
because s, has at least m + g, — p, — 1 sign changes and dim(S,,(I,, R,)) =
m+q,—p,— L

Now we assume that y, = y,. Since the best approximation 4|, to fon R,
is unique we obtain that s, =0 on I, I,. Hence s,|, is an element of
S .(I;). Moreover, it follows from y, =y, <y, that s, alternates on R,MI,.
Therefore s, has g, — g, sign changes on [, and dim(S ,(/,)) =4, — ¢q,. This
contradiction completes the proof of the theorem.

Remark. The function A{f) in Theorem 2.6 is a best approximation to f°
on I, =[x, ,x,] but is not a best approximation to fon I since the error 7,
of f—h(f) on I, is greater than the error y, on I,. Using the exchange rules
of Theorem 2.6 we are able to determine another subinterval 7, = [x, , x, ]
such that the reference deviation y, on a reference relative to S, ([, TN 1) is
greater than 7, . Since there is only a finite number of subintervals I, , we are
able to determine after a finite number of steps a subinterval which is
associated with a critical point set of a best approximation. These results
also enables us to develop an algorithm which computes the strict approx-
imation.

First we shall summarize the exchange rules of Theorem 2.6 in the
following result.

CoROLLARY 2.7. (a) Let the assumptions of Theorem 2.6 be given, Let
R, ={u}70y and R, = {v,}7%72,, be critical point sets of f—h(f) on I,
and 1,, respectively. Set ¢ = (f—h(/))tp 1o )(f = h(/ )@y, o) Then we
define Y, = {yi};n=+p?+—1 as

c>0

Yi= lf c<0a

i=p,+Ll...m+q,—1,

yi=1U;, i=m+4q,y..,m+4q,.
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Then I, = [rcp s X, ] R, ={y{,1 | are associated, where p, is defined in
thefollowmg way:

(i) Letx,,, KU, , thenp,=m+tq,— 1.
(1) Letv,, o <Xy., .;andc>0thenp,=p,.

(i) Letv,,, <X,,, -, and c <0. Then p, is defined as the integer
satisfying p, <p, <q, and

Ypar1 2 Xy <X, i=p,4+2,..m+q,— 1.

{b) Similar exchange rules hold if 1, and [, are haif-open and open
subintervals, respectively, and if x &l,,x, 1.

We now proceed to a description of the algorithm.

ALGORITHM 2.8. Let the partition A= x| be given, let
I=|x4,X%,,,| and let T be a finite subset of I such that dim S,,(I.T)=
dim S,,(/):

Let h(f) be a function nhz’ch is constructed according to Definition 2.4.
Set g, =h(f). Let {(I}, R}, 7))}, be the partition corresponding to g, .
We define a sequence offuncnons g, for integers j > 1 as follows:

(1) If g; satisfies the conditions of Theorem 2.5 then g, is the strict
approximation.

(2) If g; does not satisfy these conditions then we define a function
g, as follows:

Let {(I1. R, yD){Y_, be the partition corresponding to g;. Then there exist

subintervals I}, =1, , and I'=1, , satisfying y, <yl if x, € I} or v, > 7!

. P14 .
if x, € I.. Assume that x, € I}. Then u <
Now we determine a function g;,, and a set {(I]"'. Ryl iy

corresponding to g; , in the following way:
() H'V'=H RV =RLyI =yl i=0..u— L
(i) Let JI = "Il Then {IL Uy cJl =\,

i=1

Using Corollary 2.7 we determine a subinterval 1) of I, U1, and a
reference R’ corresponding to S (1’ Let R’ be a reference relative to

m(J } sansfymg R*‘ = R’ M 1‘ Then we apply fke construction of Definition
2.4 to the subspace S (J’) and the function (f— g;)j;. We obtain a function
g, € S,JL)and a partition {(I]" ', R{*'. yI" )14 1. Now we define

/ x)s X E Jl:‘ N
giilx)= ;éz](
8w 1(x) elsewhere.
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Then the partition {(Ii*', RI*1, yi* ")+t corresponds to g;, . The function
i f YI =1 J+1
g; .1 Is similarly constructed if x, € L.

This construction determines the strict approximation.

THEOREM 2.9. Algorithm 2.8 determines after a finite number of steps
the strict approximation.

Proof.  Let {g;} be the sequence of functions defined by Algorithm 2.8
and let {(I{, R{, y/)}%_, be the partitions corresponding to g;. Hence y/ is the
deviation of f'— g; on I for all i = 1,..., £;. It follows from the construction in
Algorithm 2.8 that y/*'=y/, i = I,..,u — 1, and we conclude from Theorem
2.6 that y2"' > yl.

Hence the vector {y/*'}%*! is lexicographically greater than {y/}%_,. On

i=1
the other hand, there exists only a finite number of partitions. Therefore the

algorithm determines after a finite number of steps the strict approximation.

Remark. It is not necessary to compute the partition on the whole
interval at each iteration. If we obtain at the jth iteration two subintervals
I, I satisfying the properties of (2) in Algorithm 2.8 then we may proceed
to the (j + 1)th iteration.

3. CHEBYSHEV APPROXIMATION FOR CONTINUOUS FUNCTIONS

Discrete approximation problems are closely related to problems defined
on an interval I. In order to determine best approximations on / we define a
sequence of strict approximations on finite subsets of /. Such a sequence is
not convergent, in general. But the following results will hold.

First we define a Remez type algorithm.

ALGORITHM 3.1. Given the partition A:x,<x,-+<Xx,,, and the
interval I=[x,,x,,,|. Let f be a function of C(I). Suppose that Ty is a
compact subset of I satisfying dim S (I, Ty) =m + k and T is a finite subset
of T such that dim S, (I, T,)=m + k.

At the ith step is defined a finite subset T; of T and s(f, T,) is a strict
approximation from S,(I) on T, Let {I;}"*' be a partition of I
corresponding to s(f, T;). Suppose that y; is a point of Ty M I;; such that

|(f—s(fs Ti))(yij)l
> |(f—s(f, TH)x)| Jorall xe€T. NI, j=1.,h+1

Then T\, is given by T;\U {y,;}ii4".
We shall consider the following subsets:
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Let

P
T, = [\U {x;— & x) U (X, x4+ €)}

where E = {e,.... &}, 0<¢; for all i = 1.,k and ¢, sufficiently small such
that dim S (1) =dim S (L. T,,). Then the following theorem can be similarly
shown as a result in |10].

THEOREM 3.2. Let Ty be defined as follows:
(a) Tp=1lifk<m(ie,e;=0,i=1...k)
b) &>0,i=1..kifk>m.

Then the sequence s(f, T;) of Algorithm 3.1 converges to a function s(f. T})
in S,(I)

Moreover, it is shown that the functions s(f, 7,.) can also be obtained as
the limit of a sequence of strict approximations defined on discrete sets
which “fill up” the interval.

Remarks. (1) Some improvement in the convergence rate can be
obtained by modifying the method such that T, , contains all local maxima
of |f—s(/f, T,)| which are greater than [[(/— s(/2 7))y, on T M1y

(2) There has been developed many algorithms under general
assumptions which compute best approximations if the Haar condition is not
satisfied. See, for example |1] and the references therein.

(3) In [2] the strict approximations are determined on finite sets. In
this paper we consider a special subspace—the subspace of spline functions.
Using the characterization for strict approximations we are able to develop
an algorithm such that a sequence of strict approximations converges to a
best approximation s, of f if kK < m and we have convergence to a nearly best
approximation s, of f which for most practical cases is a best approximation
if k> m.

The algorithm in 3] determines a sequence of functions which converges
to a best approximation under the same assumptions. But the best approx-
imations determined on the finite sets are no strict approximations in general.

4. EXAMPLES

The algorithm has been tested by R. Barnreuther. Here we shall give some
examples.
(1) Let the function f(x) =In|1 + x| be defined on / = |0, 2|. Suppose
that S, (/) has equally spaced knots. The entry in each box of the following
table is the minimax error magnitude.
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Degree of splines

No. of

knots 3 5 7
1 0.000 813 809 0.000 036 842 0.000 001 944
2 0.000 255 263 0.000 007 444 0.000 000 270
3 0.000 101 573 0.000 002 022 0.000 000 125
4 0.000048 111 0.000 000 993 0.000 000 055
5 0.000025 511 0.000 000 512 0.000 000 023

All best approximations are unique. We obtain a partition of the interval /
only in one iteration step of the approximation problem where S, (/) has
degree 3 and 3 knots. Therefore we see that in most of the examples the
algorithm works as the classical Remez algorithm for Haar subspaces.

(2) Letf(x)=/x be defined on the interval I = [0, 1]. We are setting
the knots near zero since f is not so well-behaved in a neighborhood of zero.
The first entry in each box is the minimax error magnitude. Subsequent
entries give the knot locations.

Degree of splines

No. of
knots 3 5 7

1 0.012 238 0.009 115 0.007 544
0.0395 0.0395 0.0395

2 0.004 940 0.003 691 0.002 120
0.006 45 0.006 45 0.006 45
0.107 6 0.107 6 0.107 6

3 0.003 119 0.002 112 0.001 748
0.002 0.002 0.002
0.02 0.02 0.02
0.15 0.15 0.15

4 0.002 386 0.001 785
0.001 5 0.001 5
0.02 0.02
0.1 0.1
0.3 0.3

5 0.001 946
0.001
0.015
0.06
0.2

0.35

640/41/4-4
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If

m—1=3 and k=3 the best approximation is not unique. We obtain a

partition [0,0.02) and [0.02, 1] with reference deviations 0.00283 and
0.00312, respectively. In the other cases the best approximations are unique.

(3) Let f(x)=1/(1+x?) and I=[-5,5| (Runges example). The

entry in each box is the minimax error magnitude.

Degree of splines

No. of )

knots 3 5 7
2 0.2078 0.1432 0.0975
3 0.0329 0.5227 0.0449
4 0.1274 0.0912 0.0645
5 0.1174 0.0217 0.0225

The knots are chosen as follows: {—1,1} if k=2; {—1,0,1} if k= 3:

=2, —1,1,2V if k=4; -2, —1,0, 1,2} if k=5.

REFERENCES

. H. P. BLATT, U. KAISER, AND B. RUFFER-BEEDGEN, A multiple exchange algorithm in
convex programming, in “Optimization: Theory and Algorithms Confolant 19817 (J.-B.
Hirriart—Urruty, W. Oettli, and J. Stoer. Eds.), Lecture Notes in Pure and Applied
Mathematics, Dekker, New York, in press.

. C. S. Duris anp M. G. TEMPLE, A finite step algorithm for determining the “strict”
Chebyshev solution to Ax = b, SIAM J. Numer. Anal. 10 (1973), 690-699.

. G. NURNBERGER AND M. SOMMER, A Remez type algorithm for spline functions. Nwm.
Math. 41 (1983). 117-146.

. J. R. RicE, Tchebyscheff approximlation in a compact metric space. Bull. Amer. Math.
Soc. 68 (1962), 405-410.

. J. R. RIce, “The Approximation of Functions,” Vol. I1. Addison-Wesley, Reading. Mass.
1969. .

. L. L. ScHUMAKER, Uniform approximation by Tschebycheffian spline functions. J. Math.
Mech. 18 (1968), 369-378.

. L. L. ScHUMAKER, Some algorithms for the computation of interpolating and approx
imating spline functions, in “Theory and Applications of Spline Functions™ (T. N. E.
Greville, Ed.). pp. 87-102, Academic Press, New York, 1969.

. L. L. SCHUMAKER, “Spline Functions: Basic Theory.” Wiley—Interscience, New York.
1981.

. H. Strauss. Characterization of strict approximations in subspaces of spline functions. J.
Approx. Theory 41 (1984), 297-308

. H. Strauss, Chebyshev approximations in subspaces of spline functions. Nwmer. Funei.
Anal. and Optimiz. 5(4) (1982~1983). 421-448.

. G. A. WaTSON. “Approximation Theory and Numerical Methods.” Wiley. New York.
1980.



